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Part  I of  fhit  report  con- 
cerns la)  tks  Inverse  trans- 
form for  linear  time-varying 
itet'sorLs  and  (b)  the  existence 
and  applicability  of  the  trans- 
form method  fcr  t Itne-vdf  yl ng 
networks* 
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Vlth  the  l•trod«ctlof!  of  the  f r«»sf  or««t  loa  feehnique, 

and  9ynt&ctli  of  • certel*  ci«is  of  lincer  t liM^vAr  vlag 

• ctworki  <n«y  be  greatly  tliepifficd*  The  Method  has  the  geseral 

advaarages  of  the  Laplace  traatforMatloa  for  I uMped  coastaat 

* 

actvorks*  The  origlaai  studies  of  Aseltlae'  oa  the  subfect 
covered  the  deyelopMeat  of  a general  technique  for  obtalntag  the 
direct  Integral  transfornatlon  for  a given  t ls:e~«arvl  network 
and  Its  applications  to  the  analysis  and  svnthesls  of  two  specific 
Hne-varytng  networks. 

From  the  engineering  point  of  vlew^  the  work  of  Aseltine  Is 
only  a beginning  and  suggests  many  areas  for  further  studies* 

Among  them,  problems  such  as  the  methed  of  developing  Inversion 
formula  and  the  genera  I considerations  of  the  appi IcabI 1 1 ty  of  the 
transf ormat loo  method  to  t Ims-" varyina  netwarks  are  of  partlevlar 
Intarcat*  This  report  summarises  the  general  results  of  the 
studies  on  these  topics  (sec  also  ref*  2*31* 

Firsts  a brief  outline  of  the  Aseltine  method  of  finding  the 
direct  transform  for  a given  tlme^yerylng  network  w> 1 1 be  given* 
Then*  n general  method  of  finding  the  Inverse  trensf ormat ion  In* 
tegra!  once  the  direct  transformntlon  Integral  Is  known  wilt  be 
diseuseed*  Finally*  the  cnlstencc  and  appI  IcabI  1 1 ty  of  n trans** 
form  f^'tr  a givan  tlme*‘varylng  network  will  be  considered  In  sosm 
de  ta 1 1 * 


l-l 


II.  Th«  Direct  Transform 


A linear  Hrnc-varylng  neftworic  ref trrtd  to  In  this  report  f» 

« network  (or  system)  whose  behavior  Is  described  by  « second 
order  linear  differential  equation  with  variable  coefficients  In 
the  form: 

(u-t)f'(i)  + = V(-t),  ,1, 

Equation  (I)  will  be  called  the  network  equation.  The  direct 
Integral  transforma tton  for  eq.  (I)  may  be  developed  according  to 
the  method  given  by  Ascitlne^  as  follosrs: 


The  desired  transf ormat ton,  a direct  analogy  of  Laplace 


transform.  Is  defined  as 


where  It  the  kernel  of  the  transformation.  The  kernel  Is 
so  chosen  that  eq.  (I)  can  be  consrrtcd  Into  the  following  alge** 
bralc  equation  by  the  application  of  the  transformation 


[-f(>))  + cl‘]  Qi^)  = + [ctT;n«L]. 


(3) 


The  method  of  finding  the  suitable  transform  kernel  is  as 
foil ows : 


Define  the  transform  kernel  by 
In  eq.  141,  I*  a solution  of  the  kernel  cquattqa 


(4) 


(5) 


'^  ^'ere  ”H*|)  be  con  vsr  ? cb  ♦ I y cnotcn  fo  make  Jimpie. 

Thfi  can  be  shown  by  applying  equation  C2)  to  (I)  and  Integrating 
by  parts.  In  eq.  (4),  g(t)  Is  found  from 


r m)  - 0.-H) 
^Ci)  = £ ->  ait) 


I At 


which  makes  the  differential  op^rrator  of  e"v,  ill 
That  Is 


self-ad  Joint. 


17) 


ill.  The  Inverse  Transforai 

With  the  direct  transform  eq.  (2),  known.  It  Is  also  possible 
to  derive  explicit  formulas  for  the  Inverse  transform 

t"C«(d]  = !«}.  i8> 

The  Inverse  transform  Is  sometimes  essential;  particularly  In  case 
that  development  of  a generally  applicable  transform  table  becomes 
cscessively  tedious  ond  labor lOwt  due  fo  the  complex  form  of  the 
transf orm  kernel . 


One  may  assume  that  the  ' )verse  transform  Is  essentially 

r 

unique,  since  one  can  always  prove  the  uniqueness  for  each  partic- 
ular transformation.  This  means  that  a given  Q(>^)  cannot  have 
more  than  one  Inverse  form  that  Is  continuous  at  almost  all 

positive  t.  Note  that  not  every  function  of  Is  a transform  of 
some  . Therefore,  In  addition  to  the  uniqueness,  one  must 

also  consider  the  conditions  Imposed  on  • 
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The  method  of  finding  the  Inversion  formula  Is  based  on  a 
method  used  in  the  development  of  the  complex  Inversion  Integral 
for  the  Laplace  transformation^. 


The  transform  I s assumed  to  be  a function  of  the  complex 

variable  , analytic  In  the  half  plane  J^(l|)  = iT"  4“d  of  the  order 
of^^sVI-^Oo  (-^>^) 


'^)C'hen  the  conditions  Imposed  on  *re  satisfied, 

be  expressed  In  terms  of  Its  values  along  a verrlcal  line  by  the 
line  Integral  as  defined  below: 


where  J Is  also  a complex  number  and  Equation 

Is  simply  Canchy's  integral  formula  In  the  complex  plane. 


(9) 

19J 


Now,  apply  the  Inverse  transformation  as  defined  by  eq,  (8)  to 
the  f unc  t Ion  ^ on  both  sides  of  eq,  I9i;  then 


r 


-i 


( 10) 


If  the  order  of  the  Inverse  transform  operator  ~p  ‘and  the  !a- 
tegratton  along  the  ;!r€  can  be  Interchanged,  then  one 
will  have, 

^<Tf  I 


S -4 


( I i ) 


Lef  ^(^)be  fhc  "T  fransform  of  ^('^J  defined  by  «q»  ?2),  The 

Inverse  transform  to  "f  of  — may  be  defined  as 

-3 


( 12) 


Substituting  (12)  and  T f ^ 

there  resu  I ts 


= -, 

cr  .jij 


'(T 


u}(^)  XC^4.)dy^ 


• V - ,,3, 

Equation  (13)  Is  the  Inversion  formulas  of  the  T transformation. 
X i^,4J  may  be  called  the  Inverse  kernel. 


Equation  (12)  defines  the  Inverse  transform  kernel  , 

Therefore,  once  one  knows  the  inverse  transform  to  of  

for  a particular  transformat  Ion,  one  automatically  defines  the 
Inversion  formula  of  this  transformation. 


The  key  step  In  this  method  of  finding  the  Inversion  formula 
lies  In  the  step  from  eq.  (10)  to  eq.  (II),  where  an  Interchange 
of  the  Inverse  transform  operator  Y ^ and  the  Integration  along 
the  line  must  be  performed.  In  suggesting  this  method  of 

finding  the  Inversion  formula.  It  has  been.  In  fact,  assumed  that 
the  Inversion  formula  takes  the  form  of  eq,  (13),  If  for  a par- 
ticular transformation,  this  assumption  Is  valid,  I,e,,  there 
exists  an  Inversion  formula  of  the  form  of  eq,  (13),  then  pr  of 
of  the  validity  of  Interchange  of  the  order  of  the  operators  In- 
volved In  eq,  (JO)  becomes  c rather  trivial  matter. 


one  applies  the  direct  transformation  of  the  function 


of  ^ to  both  sides  of  equation  (12)  and  uses  equations  (2)  and 
' 8 ) « one  « 1 1 1 have 
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( 14) 


where  •»  same  as  known  direct  transform 


kernel,  escept  substituting  by  ^ 


Equation  (14)  suggests 


that  for  a particular  f r ansf ormallon  whose  Inverse  kernel  Is  de- 
fined by  cq.  (12),  the  Inverse  transform  kernel, 
a solution  of  this  Integral  equation* 


To  summarize,  the  direct  tr an sf orma 1 1 on  and  Inverse  trans- 
formation formulas  of  the  generalized  T transformation  are  as 


foil ows : 


(T 


(15) 


" 4'  r r. 


■I  '^o 


( 16) 


In  checking  the  validity  of  eq,  (12)  or  eq»  (14),  one  finds  that 
the  direct  and  Inverse  kernels  of  the  Laplace  transformation  pair 
do  satisfy  these  equations,  thus: 


i 


<30 


^>•7. 


'a  • (171 
The  transform  kernels  of  the  transformation  pair  for  the  Cauchy 
network  (modified  Mellln  transform^)  as  developed  by  Aseltlnc^ 


satisfy  equation  (14)  as  follows: 

^ i-l 


Ji 


n-i 


(18) 


Note  that  the  analytic  region  deflne»J  by  this  transformation  Is 
'f  < • for  the  Sessel  network,  the  transform  pair  given  by 

Aseltlne^  Is  a mod Ifled  form  of  the  Me Ijer  transform  • The  ln“ 
version  formula  of  the  Meljer  transform  with  the  Inverse  kernel 

defined  to  recover  a function  ^ ^ 


tire  range  of  t«  If  one  desires  a direct  Laplace  analog  for  the 
Bessel  network,  the  Inverse  kernel  which  contains  only  part  of  the 
Meljer  Inverse  kernel  may  be  determined  from  eo»  (14). 


The  consideration  of  the  development  of  inversion  formula 
provides  much  deeper  unders t and Inq  of  the  transform  method  for 
time-varying  networks.  By  the  procedure  discussed  above.  It  Is 
clear  that  transformation  pairs  directly  analogous  to  the  Laplace 
transformation  pair  may  be  developed  for  both  Cauchy  and  Bessel 
networks  (with  suitable  modification  of  the  lower  limits  of  the 
direct  t r a nsf ormat Ion  Integral).  !t  Is  not  necessary  to  obtain 
the  t r an $f orma 1 1 on  pair  hy  modifying  the  Me ! ! I n and  Wcljer  trans- 
f orms  . 


IV.  Qualitative  Considerations  of  Transformation  Method 

The  main  advantage  of  using  a transform  method  In  the  solu- 
tion of  the  differential  equation  representing  a linear  time- 
varying  network  Is  that  •he  differential  equation  can  be  handled 
algebraically.  The  technique  Involved  Is  to  convert  eq.  (!)  Into 
eq.  (3)  by  the  application  of  the  Integral  transformation  as 
defined  by  eq.  (2).  in  order  to  make  this  application  possible, 
the  transformation  must  be  capable  of  handling  a large  class  of 


drfvfng  fonctfoas  and  the  differential  operators  of  the  network 
equation.  These  fundamental  requirement*  are  Important  from  the 
point  of  view  of  the  practical  application  of  the  transformat  Ion 
method  to  tlme-varyinq  network*.  In  view  of  eq.  C2),  the  limita- 
tion* on  the  character  of  the  function  o"  range  of 

the  variable  of  V)  depend  obviously  on  the  character  of  the  trans 
formation  kernel  • 


Among  the  driving  functions  most  commonly  used  In  the 
analytical  solutions  of  physical  systems,  such  as  the  electric 
networks,  are  the  sectlonatly  continuous  functions.  An  example 
of  this  type  of  functions  is  shown  below 

r 0 -ir  ^-6, 


=1  j CL 


o 


‘t«)t 


CL 


F I gore  I 

Any  discontinuities  of  such  a function  In  the  Interval  Itj,  t2l 
must  be  a finite  Jump.  This  class  of  functions  includes  the 
Important  unit  step  function  defined  as 


U(i)  = 


■i- 


K • 


(20) 


For  a transformation  developed  for  a particular  tlme-varylng  net” 
work,  if  the  character  of  Its  transform  kernel  is  such  that  the 
transformation  Is  not  capable  of  handling  the  unit-step  function 
and  other  more  general  functions,  the  transformation  method  Is 
probably  of  little  use  for  the  solutions  of  the  differential 
equation  of  that  particular  network.  Therefore,  It  Is  possible 
to  sel  up  some  baste  requ  I r emeii  ts  that  a transformation  must 
fulfill.  For  the  functional  transformations.  It  Is  very  con- 
venient to  choose  the  tr ansf ormatfon  of  the  unit  step  function  as 
a measure  of  the  capability  of  a transform  kernel.  This  leads  to 
a rather  simple  consideration  of  the  existence  of  the  t^ansforma- 
t I on  I n t egr  a I ; 


1 T/, 


do 

I ^ ( ¥1  J~  \ fi 


(21 ) 


the  trSiiiform  of  the  unit  step  function. 


The  transformation  of  the  differentia!  operators  of  eq,  (I! 
Is  oerforraed  in  a manner  somewhat  different  from  that  of  the 
ordinary  Laplace  transformation,  S'nce  the  transform  kernel  Is 
developed  to  make  the  differential  operators  s e I f-ad  ]o  I n t,  th« 
transformation  of  the  differential  operators  is  performed  in  the 
following  manner^: 

1-9 


122} 


!n  order  fhaf  fhe  transformaf Ion  method  be  of  oracticaS  ute, 
equation  (22)  must  be  satisfied.  So  the  initial  conditions  ere 
brought  Into  the  transformation.  Equation  (22)  gives  the  funde- 
mental  operational  property  of  the  "T"  t r a nsf orma t f oo , the 
property  that  makes  It  possible  to  replace  the  differential  opera- 
tion by  a simple  algebraic  operation.  Note  that  the  differentia! 
operators  may  not  be  decomposed  or  factored, 

V,  Ealstence  of  Tr a nsf orwat Ion 

Thus  far  both  the  development  of  a tr ans f orma t Ion  pair  for  a 
linear  t ime-var  v I r.g  network  whose  behavior  is  described  bv  eq,  (I), 
end  the  fundaments!  properties  that  the  transformation  most 
possess,  have  been  considered,  Now,  it  is  desired  to  fcnoa?  the 
limits  on  the  applicability  of  the  transformation  method  to  time- 
varying  networks.  It  Is  obvious  that  wl  th  the  1 1 me- var y I ng 
coefficients  of  eq,  (I)  unrestricted,  a satisfactory  transforma- 
tion may  not  exist  at  all.  Thus,  It  is  Important  to  settle  what 
kind  of  net  wo  rk  equations  do,  and  what  kind  of  net  wo  rk  equations 
do  not,  permit  the  use  of  t r ansf orma 1 1 on  method. 

From  the  preceding  section,  a useful  transformation  must  be 
one  which  Is  capable  of  handling  the  class  of  sectlonally  continu- 
ous functions  (unit  step  function  Is  actually  considered)  and  the 
differential  operator  of  the  network  equation.  Reconsld'**'  the 
*'T  ' tr  ansf  orma  I Ion  of  a unit  step  function 

(21) 

I -10 
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ifi  order  ^haf  Tnftnif'c  Integra!  on  the  right-hand  side  of 

equation  (21)  converges  unifortsslv.  It  Is  necessary  that  the  tr#n»- 
f orro  Icernei  he  continuous  ■'nd  bounded  at  botr.  upper  ssd 

iower  limits  for  a*!  values  of  Vi  In  tome  Interval  (o<  /^ ) • Since 
It  defined  In  «q»  (4)  as  the  product  of  and  0 

eqs  (2  if  becomes 

0 ‘23) 

Following  a well-known  test.  It  Is  convenient  to  establish  the 
following  conditions  for  the  uniform  convergence  of  the  Infinite 
Integral  of  equation  (23)* 

/ 

1.  '«  continuous  for  ^ ^ 

2,  ^(-t)  \%  coat  I nous  for 

3*  The  product  of  and  ) I*  bounded  at  both  upper 

and  lower  limits  of  the  integral  for  al!  ^ In  striae 
Interva  I ( f^)  » 

Note  that  It  Is  not  necessary  for  each  Individual  function  of 

A 

or  be  bounded  at  both  upper  and  lower  limits;  but  the 

product  of  ^(-t)  and  roust  be  bounded  at  both  limits. 


The  above  three  conditions  will  afford  one  an  ooportunlty  to 
relate  singular  points  of  the  network  equation  to  Its  transform 
kernel,  thus  permitting  one  to  settle  what  kind  of  system  equation 
perfnjis  the  use  of  the  tr  an  sf  orma  t ion  methodi  To  facilitate 
further  discussion,  re-establish  the  kernel  equation  Sn  tl.e  follow- 
ing manner: 


i-!  J 


where  cor  r e$  nonds  fo  !n  eq^ol’ort  i 5 i'  dnd  ^('0  ^ — 

CLd)  M.) 

In  the  same  equatloi*. 


F c r « pa  r ■ 


-t)  • Is  a lotutfoo  of  »q*jst!or!  (24), 

tJcular  network  equation,  the  question  as  to  whether  a satisfac- 
tory -t)  **  defined  In  condition  I exists  or  not  may  be  settled 
by  considering  the  singular  points  of  the  kernel  equation.  In 
sq,  (24),  F ( ) Is  considered  a function  of  fixed  parameter  • 


Considering  the  point  t^  and  Its  neighborhood.  It  Is  well  known 


from  the  fundamental  theory  of  ordinary  differential  equations 


7,8 


that:  (a)  (p(l)  and  are  continuous  and  analytic  functions 

of  t In  this  neighbor  hood,  a unique  solution,  con  tlnuous  and 

analytic  In  this  same  neighborhood  can  be  determined  for  «q,  124)> 

(bl  If  cither  (p(t)  or  60:)  or  both  possess  a regular  singular 
* 

DO  I fi r af  t^,  ea«  124)  has  two  regular  Integrals  In  the  neighbor- 
hood of  this  point;  Ic)  If  either  or  or  born  Dossess  an 

Irregular  singular  point  at  t^,  cq,  (24)  eannor  have  two  regular 
Integrals  In  the  irelghbor hood  of  this  point.  But  there  may  be 
one  regu'er  Inlcgrai  or  there  may  be  none. 


Fuchs*  theorem^  In  terms  of  cq,  (241:  If  ^O)  <>•■  &('^J  or  both  of 

cq,  (24)  possess  a singular  point  at  IF  this  singular 

point  of  and  Q(-6)  IS  removable  by  multiplying  «nd 

by  the  factors  ( it  ^ ^ respectively,  then  the 

equation  has  two  Integrals  (In  terms  of  convergent  de  vcl  opxnen  t of 
power  scries  solution)  In  the  neighborhood  of  ■f'  , A singular 
point  of  this  type  Is  a regular  singular  oolnt,  otherwise  an 
Irregular  singular  point. 


!-l2 


To  d«c!ds  wh«‘!ier  a reqi’iar  Integral  exists  or  not.  It  Is 
most  convenient  to  consider  the  Indlclai  equation  of  the  power 
series  solution  developed  about  a singular  point.  Note  that  the 
above  rules  ^re  applicable  to  the  oo I n t at  Infinity  only  If  a 
transformation  which  trensfof«55  the  point  at  Infinity  to  the 
origin  Is  performed. 

As  a rule,  therefore,  solution  of  cq«  (24)  may  be  found  In 
the  neighborhood  of  a singular  point  as  well  as  at  an  analytic 
point.  In  general,  the  two  Independent  solutions  may  be  expressed 
In  terms  of  power  series  about  a point  where  one  desires  to  ex- 
pand them.  These  solutions  4 f*  S Of!  5y  Vuild  f'hssr  co?^ 

gence-c  Ir  cl  es , centered  at  this  p>olnt,  and  whose  radii  are  equa  I 
to  the  absolute  value  of  the  distance  between  this  point  and  the 
nearest  singular  point.  It  becomes  clear,  ther,  that  for  a given 
kernel  equation  of  the  type  of  «q,  (24),  the  question  of  whether 
a desired  continuous  ^ or  O ^ ^ ^ exists  or  not  may  be 

settled  bv  simply  considering  th*  number,  nature  and  locations  of 
singular  points  of  the  equation. 

From  the  above  consideration,  one  may  conclude  that  for  a 
kernel  equation  possessing  one  or  two  singular  points,  a desired 
p relatively  simple  In  form,  may  exist.  Cn  the  other 
hand,  for  the  kernel  equation  of  more  complex  form,  a solution, 
continuous  for  may  still  be  possible  by  applying  the 

technique  of  analytic  extension  In  the  solution  of  the  equation. 
But  the  mathematical  man  I pu f a 1 1 on s would  be  very  difficult,  and 
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the  resultant  would  be  very  complicated  and  often  beyond 

the  possibility  of  practical  development  of  the  transformation. 

In  general.  It  might  be  more  profitable  to  use  a solution  which 
Is  only  continuous  foa*  ^ ^ where  Is  the  nea*est  singu- 

lar point  of  the  kernel  equation  to  the  point  of  Infinity,  This, 
of  course.  Involves  a change  of  the  lower  limit  of  the  direct 
transformation  Integral  from  zero  to  a finite  value  of 
or  one  may  even  define  a direct  tr ansf orma 1 1 on  Integral  with 
finite  limits.  Finding  I*  '"'S  mr'^t  difficult  step  In  Vhe 

development  of  the  transform  kernel.  Therefore,  a knowledge  of 
whetnir  a suitable  I*  obtainable  from  the  kernel  equation 

Is  a great  help  In  deciding  the  use  of  tr ansf ormat f on  method  be- 
fore becoming  involved  In  the  actual  solution  of  the  equation. 


condition  2 may  be  redefined  as  follows 

^ & (-t)  e 


f vt// 1 
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Equation  1251  shows  that  Infinite  discontinuities  due  to  the 
presence  of  singular  points  In  or  or  both  may  appear 

In  unless  the  effect  Is  cancelled  out  due  to  the  ma  t h ema  1 1 ca ! 

oper aticn  on  the  right-hand  side  of  eq,  123?  or  due  to  some  con- 
ditions Imposed  on  certain  parameters  In  or  &(i:)  . In  general, 

finding  ^ I s a s tr a I gh tf orward  process.  Therefore,  whether  a 
suitable  ^(’t)  exists  or  not  may  be  settled  without  difficu  fty. 


’'X'hen  the  consideration  of  singular  points  of  the  kernel 
equation  Indicates  that  desired  ^ * defined  In 
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conditions  I and  2 respectively  dc  e«!st,  then  one  may  proceed  to 
evaluate  from  the  kernel  equation.  To  insure  the  bounded- 

ness  of  upper  limit,  one  chooses  from  the  two 

Independent  solutions  of  equation  124)  the  one  which  makes 
vanish  rapidly  as  If  there  eststs  such  a solution.  The 

4 

next  step  Is  to  perform  the  product  of  obtain 

and  to  check  the  condition  3 which  requires  *** 

bounded  at  both  upper  and  lower  limits  of  the  tran sf orma t Ion  In- 
tegral for  all  In  some  Interval  {c^,Sj  . Note  that  when  Is 

considered  a complex  variable,  bounded  at  both 

limits  for  all  In  some  real  Interval  (o(^  ,3)  » 

In  some  cases,  the  boundedness  of  or 

may  not  be  obvious.  Many  known  mathematical  methods^  are  ivaiiablc 
for  tests  of  the  unifurm  convergence  of  the  tr a nsf orma 1 1 on  Integral 
cq.  (21)  or  cq.  (23i.  In  many  cases  moolficatlon  of  the  trans- 
formation Integral,  such  as  the  limit  of  the  Integral,  or  Imposing 
additional  conditions  on  certain  parameters  in  either  ^ 

O'-  both,  Is  absolutely  necessary  In  order  to  Insure  the 
boundedness  of 


Th:;;;:  far,  the  most  difficult  part  In  the  orocess  of  develop- 
ing a transform  for  a ourtleular  time-varying  network  has  been 
considered.  The  remaining  basic  requirement  to  be  satisfied  by  a 
particular  transform  Is  Its  capability  of  the  t r an sf orma 1 1 on  of 
the  differential  operators  of  the  network  equation.  This  can  best 
be  done  bv  the  direct  Integration  of  the  left-hand  side  of  eq. 


(22)  by  »ub*Htutlrg  ♦he  different*?!  operators  of  a 

particular  network  equation  Into  the  Integral,  Again,  In  some 
cases^  a slight  modification  on  the  transformation  Integral'* 
limits  might  be  required  In  order  to  satisfy  the  right-hand  side 
of  eq,  (22),  But,  one  does  not  wish  to  Impose  any  condition  on 
^ other  than  those  on  , the  driving  function. 

To  complete  the  development  of  tr  an  sforma  1 1 on , on«  n»ay  then 
derive  the  Inverse  transform  by  the  method  Indicated  In  Section 
lit  and  discuss  the  IImlt«t*on»  on  the  character  of  the  funrfloR 
\T('^)  and  on  the  range  of  the  vt>rlable  , 


For  example,  consider  a time-varying  nelwork  with  the  follow- 
ing behavior. 


The  transformation  pair  obtained  is  as  follows: 


126) 


-e; 


efi 


(T  > <f 


(27) 


V J V jggj 

which  Is  an  analogy  to  the  Laplace  transform.  The  reason  for  the 
mod  If  I ca  t j ■»n  of  the  lower  limit  of  the  direct  transform  Integra!  Is 
obvious  since  the  network  equation  has  a singular  point  at  t * Os 
The  direct  transform  kerne!  t c ' o Is  now  continuous  for 

t^  t < ^ and  bounded  at  both  upper  end  lower  limits  of  the 


I -li 


fnfegraj  defined  by  eq*  (27),  ;' ! f h IlfHe  difficulty,  one  may 

show  that  this  transform  Is  capable  of  transforming  both  unit 

step  function  (for  t > t ) and  the  differential  operators  of  the 

o 

network  equation. 
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GENERALIZED  OPERATIONAL  CALCULUS  FOR 
TIME-VARYIhG  NEr£ORKS 


P«rt  H 


Harold  D«vls 


Part  II  of  LM*;  report  coo” 
carrj  (a)  those  Integral  trsoa— 
formaiicns  »hl€h  generate  an 
operational  calculus  for  general 
linear  differentia!  operators, 
and  (b*  the  application  of  such 
transf orca tioas  to  the  analysis 
and  synthesis  of  a class  of 
linear  t lene-*ar vlag  networks. 


1 


iaf roducf  to« 


?vUtch  of  pres«af  dsy  fixed  paremefer  linear  networl:  theory  I* 
based  on  the  orcpcrfics  of  the  Laplace  transform  and  Its  rclatloa 
to  the  dlffercBtisi  operator  JL/<Ai-  » 7o  the  esteat  that  this  Is 
essentially  all  that  Is  Inr^lrr*?,  ft  fo'lows  that  fixed  parancter 
cefwor!:  theory  caa  be  embedded  fa  a fornaal  ilaear  network  theory 
If  the  existence  of  a suitably  generalized  Laplace  transform  ta 
postulated*  For  example,  suppose  that  L Is  a dlffcrertlal  opera- 

a 'w  a jn 

L_^=  ^ *♦  - III 

and  Is  a solution  to 

5 ^ "*•‘-'■'1'*'  ■'  12) 

)L*  It  .He  ?or“5 ! sdjoinf  of  LI*  Su;>oosc  for))t«r  ))>♦) 

the  kernei  of  a oae-to-oac  Integral  f ransf ermat !cs  Co*  a »of fable, 

complete  class  of  funcfloasl,  say, 

F ex')  = ‘31 

It  would  then  follow  that  for  If  In  this  rSass, 

j>tU)  ^-e>cw.<i)  i4> 

'f  «.<-♦<«  , o4f,<v4n  )!.€«  b 

j»  r* 

Is  a bi  linear  form  In  tfo'I  , V • "t  a 

functions  of  X depending  upon  fit).  To  make  the  picture 

complete  we  would  need  some  form  of  Forsexal's  equal ! ty.  ft  Is 


n-t 


expected  th«f^  fsrs»«Jly,  toch  xhowld  exist*  Severe!  trewsfor»» 
teHsfyinp  ell  the  ebove  requirements  here  been  discussed  by 
Asel f !*«* , 


Tfie  following  malerlel  fs  concerned  first  with  n discussion  of 
the  Application  of  trAnsforms  of  the  type  described  above  to  the 
anatysls  ««d  synthesis  of  * class  of  llsesr  tfiBC^verying  networks* 
Secondly,  It  is  pointed  out  that  for  first  order  differential 
operators  sveh  Integral  rransforais  exist*  The  saterfai  concludes 
with  a brief  men' Ion  of  Code*  i eg  ton  * s t'-eore»  on  generalized 
Fourier  tra«sfor:ns* 


it*  On  yh*  foraonlffleg  sf  - Geaeralizcd  hictwork  Theory 


^te  first  ask  what  general  features  or  structures  of  linear 
networks  can  be  studied  by  appilcatlon  of  an  Integra!  tr aRsforGna** 
ITon  of  the  form  describee  above*  The  answer  Is  fairly  fsanedlate* 
Consider  network  elemeBts  such  that  when  a voltage  etti  is  applied* 
the  current  Ktl  that  flows  Is  related  to  e(t!  by. 


t i h = ;-w»4V4*'  o4 < 


dO 


<w 


^ L(Ln) ) 


•hare  Is  a real  number,  L a linear  differential  operator 

lof  the  type  considered  abovel  and  p an  Integer*  In  ! ! lustratlng 
network  structures  iet  us  portray  these  elements  as  follows: 
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EOlATiaJ 


SYT'^Oi 


^ 1 p 

If  "III  b«  coi»venf<nf  fo  dl»flrigul*h  fh«  ca%m  whmrrn  ^ fsltef  o» 
oaly  noii-a«g*t  I ve  «’e  sbal!  refer  fe  fHt»  «s  fhe  case  of 

t>o»  I f I ve  cfeweafrn. 


txanpl e; 

lef  alfl  — I,  bl  f ) =0;  fh««  I a *^/df  ead  •«  have  fhe  case 
of  coMvcnfloaai  flaed  paraetefer  efemenfs. 


»elf  larfycfattce 
» resl*f«ttcc 


^ B elaslaace  Ireciprocal 
of  c#p«c i f «Rcel . 

No*  coaafder  any  In ferconnecf I on  of  the  various  types  of 
t isie-varvlog  elesienfs  discussed  above*  S«ch  a network  will  be  a 
nodc^to-node  coanecfton  of  branches  as  liidtcafcd  In  Figure  I* 
Every  branch  can  be  assumed  to  be  * series  ccnnectioa  of  the 
various  types  of  elements*  and  a voltage  or  current  source*  We 
need  only  coaslder  one  of  each  element  type  as  being  prtstaf, 
since  for  each  type  a series  conneetCosi  of  elemcnlt  Is  eguleslenf 


• — I * I — ^ 


^ 

* 1 \ 
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fo  a single  ai«m«iif  of  fhat  fyp«»  ^X'e  will  consider  the  sources 
to  be  voltage  sources  so  that  we  can  set  up  a loop  current 
0'*aiysls.  Of  course  any  or  al5  of  the  coefficients  or  voltag<es 
can  vanish. 


f Igurc  i 

By  atfumfng  «!•  appropriate  choice  of  mesh  currents,  and 
Summing  loop  voltages  to  zero  in  every  loop  we  get  a system  of 
linear  In tegro-d If f cr en 1 1 a I equations  In  the  mesh  currents. 


where  Is  an  In  tegro-dlf  f eren  1 1 a I operator  of  the  form. 


(6) 


In  tcHlng  cp  fheie  differential  equations  we  can  always  fn~ 
corporate  the  inltlai  conditions  In  the  various  driving  voltage* 
€j(t).  That  is  to  *ay.  If  we  suitably  modify  the  assumed  drives 
€jlt),  the  values  of 


r"'i 

L_  L 


) 


ck 


wl  M be  zero  for  aii  loop  currcnfs*  let  us  assume  rhc  cquArioaS 
have  been  set  up  In  this  way.  Then,  taking  the  transform  of 
these  equations  by  that  Integral  transf ormat Ion  which  Is  associated 
with  the  operator  L as  described  above,  wc  have. 


where 


(8J 


f V\  >(' 
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and  E.f^l  Is  the  transform  of  e.it),  and  I , ( X ^ transform 


I 

Ot  I j • T • • 
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This  Is  the  function*!  form  of  the  loop  equations  In  the 
transform  domalr.  It  Is  the  form  which  Is  so  familiar  In  the 
fleed  parameter  case.  To  proceed  from  here  to  the  point  of  a 
genera!  theory  of  analysis  and  synthesis  of  networks,  we  need 
only  ape  the  steps  taken  In  the  case  of  networks  of  fixed  param- 
eter elements.  That  Is,  we  replace  the  parameters  of  the  Laplace 
transform  by  the  A of  our  generoilzed  transform;  replace  In- 
ductor by  "type  I element”  and  so  on.  Imp«  d a M C « (or 


Impccidnce 


Adm?  Maricc,  image  paramcfcrs,  and  general  circuit  parameters  of 
four  terminal  networks  follow  In  the  same  w«v« 

III,  A Special  Case 

In  the  tpcciel  case  where  only  oosStlve  elements  are  present, 
and  these  arc  charac ter  I zed  by  either  or  L and  where  I 

Itself  Is  a first  order  operator,  the  theory  Is  quite  satisfactory 
and  complete.  The  facts  of  the  matter  arc  as  fellows:  First,  as 
we  shall  see,  the  formalism  or  an  Integral  operator  can  be  made 
precise  under  fairly  general  conditions  on  the  operator  L, 
Secondly,  most  of  the  theorems  of  the  oresent  fixed  parameter 
network  theory  do  not  depend  on  the  constancy  of  Inductance  and 
capacitance  with  time,  father,  they  depend  on  the  existance  of 
three  types  of  (positive)  elements  characterized  by  L*,  L°,  and 
L where  L =■  *^/dt  (a  great  deal  of  network  theory  omits  from 
consideration  the  notion  of  mutual  impedaneci. 

To  make  this  more  explicit  we  wiii  suggest  a sort  of  princi** 
pie  for  Inventing  statements  of  gener al I z a t I ons  of  certain 
standard  network  fheorems.  In  fixed  parameter  network  theory, 
there  are  a great  many  fheorems  relating  the  physical  structure 
of  a network  to  the  functional  form  of  Impedance  type  functions. 

In  th*?se  theorems,  one  Identifies  the  Impedance  Zls)  * s with  an 


I 


i»cittcJor-  ZisI  = 5 ^ wllh  « c«o«clfof,  ^ad  to  o*.  Actually,  fhf* 
Identific*  clemtof  type*  throoci^  CKpcnent  of  tJ^c  basic  opera- 

Jor  assoefated  »!♦?»  fixed  parameter  networks,  namely  /rft.  This 
? dea  t If  I ca  t loa  eac  be  considered!  as  the  basic  bridge  between  the 
physical  specification  of  the  network,  and  the  '"•t"»e™atlcal 
spec  I f Ica  t to«  of  the  Impedance  function  of  that  network,  N’ow, 
we  svggcst  that  a*y  network  theory  which  deoends  esfy  c»  this 
Identification  of  sicment  types,  and  on  the  theory  of  analytic 
( Impedance}  functions  will  liev«  a valid  extension  If  we  slfppiy 
translate  It  into  the  appropriate  ’’generalized  operator”  language. 

As  a caution  In  this  regard,  no  theorem  requiring  the  use  of 
coupled  colls  (aon->tdeat  transf ormers ) can  be  extended,  since 
the  coupled  coil  involves  «norc  than  the  two  considerations  men- 
rioned  In  the  last  paragraph, 

^PPlylaS  the  above  principle,  «c  gel  « gener a* Ixa r lon  of 
Fostor*s  Reactance  Theorem  for  flaie— varying  elements,  the  canon- 
ical forms  for  tso  element  sind  networks,  and  so  os.  Such 
tnecrems  being  the  very  foundetiow  of  fined  pw(~aaeter  network 
theory,  we  thus  have  considerably  broadened  the  basis  for  the 
analysis  and  sysibesls  of  the  class  of  networks  considered  here, 
IFor  details  of  the  appllcavice  of  rhese  theorems  In  the  classi- 
cal fixed  parameter  case  see,  e,g,,  Cutflcmln's  "Cotrmun Icatlon 
Networks,"®} 

Possibly  ihe  most  slgnlftcanf  fneorem  Is  she  following; 
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secsfssry  ssd  cOMd’tlon 

of  complex  caramefer  A.  represent 

fertrinal  aelwork  of  fhe  Ihrec  fypes  of 
f}>t»  secfioH;  Is  fhat  Ihls  function  be 


‘>'«i  an  analytic  f unci' To* 

IKc  Impedance  of  sow*  r»«i 
elements  considered  Im 
positive  reel;  that  Is, 


that  II  be  an  analytic  function  which  Is  real  when  A Is  real, 
and  whose  real  part  Is  oosltive  when  the  real  part  of  A <« 
pos I f I »€•“ 


The  necessity  of  the  condition  can  be  proven  by  fol lowing 
a slight  =;od1  f Icatl^M  of  an  araumcnt  of  Brune^  applied  to  fixed 
paraaietei-  networks.  However,  Brune-s  oroof  of  the  sufficiency  of 
the  condfltoo  for  fixed  parameter  nciBOrks  Is  not  adequate  for  our 
purposes,  since  he  used  coupled  colls  whenever  necessary,  Tc 
can,  however,  call  ca  the  method  of  Botf-Doff In^  which  depends 
only  on  the  ability  to  Identify  the  three  types  of  elements 
assumed. 


As  a ssmpie  exasplc  of  network  syrtfuesis  using  elementary 
nerhods  consider  Ihe  following  orcblem:  Suppose  that  we  a^e 

required  to  find  a two  icrnrlnat  network  such  that,  when  the 
driving  voltage  Is  c'rl  — <Slrl,  where  <5  Itj  is  the  Oirac  Impulse 
"funetloe'*;  the  current  which  results  will  be 

ik«  ask  for  a nefwork  of  etements  char  ac  ter  i zed  by  cowers  of 

,n  Jk 

the  operator  L = (I  + ti  *’/df  *■  I,  Thus,  kit,  A 1 = <t  + tl“ 
if  wc  coif-pute  tJte  transform?  of  tne  voltage  and  current  by  the 


? I 


tr*nsf orm« r ioa  associated  with  this  operator  I,  »e  shall  find 


ZM--  4^-^  C^>+4/-)('hX+4>’T<  im 

i \ / 

Expanding  the  admittance  YlAl  ■ fZf  A I ] * Icfe  partial  fractions 

wc  have. 


(i>r‘ 

Niow  l«l  as  apply  t!i<  principle  of  tdeiitif tcatton  men  t toned 
before*  Inov  fkat  If  this  were  the  ease  of  fixed  paras»eter 

synthesis  srlth  replaced  by  the  co»-e«  t lo»«!  « = o' + les  the  re— 
qwlred  netvorE  90u!d  be  an  Inductance  of  2 henries.  In  parallel 
oltb  a scries  coancctlon  of  s resistance  of  I ohm  and  a capaci- 
tance of  2 farads*  Since  inductance  Is  Identified  with  a plus  t 
expoaeat,  resistance  a xero  exponent,  and  capacl lance  «tth  e 
minus  i exponent  vc  can  iRsmedf  atety  write  down  the  circuit  vlth 
proper  eie»cR*  Srpes  and  correct  values  of  the  coefficients* 

Thus,  «e  T mated  1 ate  I y ha«e  the  solution  Indicated  In  the  following 
df  agrnm* 
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As  a consequence  of  the  fact  that  L !s  a first  order  different!*! 
operator,  the  element  character  lied  by  the  exponent  I can  be 
considered  as  an  ordinary  Inductor  whose  Inductance  Is  (I  + t), 
for  the* 

Ll  ^ = ec4> 

as  Is  required.  Similarly  the  -I  element  can  be  considered  as 
an  element  with  capacitance  (I  + tl  so  that 


as  required,.  Thus,  the  above  solution  can  be  redrawn  as 

or> 

2i  l-ftlhenrtcs 


l_a/ — ' 

I ohsi  jtll+t)  farads 


To  summarise  th<t  case  of  positive  elements  c h ar  teter  I xed  by 
•?  flrsi  o*Jar  differential  operator  taken  to  oowers  I,  0,  and  -I 
only,  we  obtain  time-varying  generalizations  of  most  of  the  more 
powerful  theorems  of  fl«ed  parameter  network  theory, 

IV,  The  Steady-State  Impedancg  Concept 

It  Is  worth  calling  attention  to  another  aspect  of  what 
might  be  called  the  transform  domain  approach,.  Let  us  fix  our 


i l-!0 


aMenflon  on  rerwo;rs  of  elemerft  char  ac t zed  by  powers  of  « 


dlfferenHal  operator  L a«  before.  If  we  drive  a single  Seof» 
of  such  elements  with  a voltage  proportional  to  the  functloe 
V ! I ^ A ) (the  kernel  of  the  transform  associated  with  15,  then 
the  resulidrit  current  will  also  be  proportional  to  this  same 
function  but  will  differ  by  a multiplicative  factor  ~ the  value 
of  the  A-domaln  Impedance  of  the  loop  at  the  value  /\  • '^e 

must  expect  this  since  we  are  driving  the  circuit  with  s function 
that  bears  the  same  relation  to  these  network  elements  as  slnuiS” 
olds  do  to  fixed  parameter  elements.  This  suggests  that  the 
conventional  steady-state  physical  Interpretation  of  Impedance 
defined  as  the  ratio  of  voltage  across  to  current  through  a two 
terminal  network  when  driven  by  a single  frequency  carries  over 
by  simply  thinking  of  functions  of  the  form  kit, A)  as  general- 
ized sinusoids  and  of  A as  a generalized  frequency. 

V,.  runctlonal  Transforms  Associated  with  First  Order  1 1 n ear 
Differential  Operators 


We  now  discuss  briefly  the  connection  between  a first  order 
linear  differential  operator  and  an  associated  generalized  Laplace 
transf  orm. 

Throughout  the  following  we  shaii  restrict  ourselves  to 
f u nc  1 1 on  s def I n ed  on  the  half  line,  0 ® t — CC  • 

Let  alt)  and  bit)  be  functions  such  that  bit)  and  *^*/dt  are 


defined  and  finite,  and  cltJ  t for  c M t * O.  Cons  sqyen  t i y* 

either  a(tl  > 0 c/  «‘«e  a(t)  < 0 holds  for  all  t “ 0,  Without 
loss  of  3*ner«i?T/.,  »e  may  assume  that  aiti  > 0,  and  furtnef,  that 
alO)  = U 


Suppose  fifo  that  5(f)  and  btti  are  soch  functions  that 
there  exist  numbers  A and  8 soch  that. 


/ I y i \ \ r /n  ^ t i\~l  ^ ,J  i » X.  4 *x 
V.  1/ r ) 'j  /■  t-\  / ^ 


1 13) 


and 


{\H)\  I < 0>  < 


OO 


( 14) 


Now,  we  define  the  linear  first  order  differential  operator 


I « 

«.  oy 


I t-  bCi)]^0 

The  adjo'nt  operator  L Is  defined  by. 


(15) 


1^4  E +b(4)jL((^> 


( 16) 


Let  A be  a complex  parameter,  and  k!t,As  be  the  solution 
to  t he  equa  1 1 on , 


or  written  out 

_ cX  A-j/cAT  t-  ( p—  t *-)  \ 


r,': 


( 17) 


f I on 


:cr  respond : ng  ‘ V,  let  I ♦^^e  solution  to  fht  eaio«- 


I . (18) 

L_^  - , M(0V-  1 

Because  L Is  only  of  the  first  order,  we  can  write  these  solutions 
In  terms  of  a single  quadrature*  Expllcll'v, 


k(+>X)  . ta(4-)] 


119) 


K(i.x) 


- <’0> 


We  have  the  following; 

Theorem 

Let  fit)  be  a function  such  that  for  some  c,  0 < c < wO 


(21) 


TIk 

I •>  « ss  ^ 


R-.\_  ^ I / t ^ C'  , I \ It 

tuiolt 


(22) 


Is  an  analytic  function  of  ^ In  the  haif  pf“n*  [A  a > ^ , 

Fort  hermore- 


+/()  ^ Fc  L p>  ItS- 

t.*J  zTt.  A 

at  every  point  of  continuity  of  f(t). 


(23) 


that  If  L^flt),  n « I,  also  satis -Flcs  th«  same 


i 


I •• 


We  also  have 


tort  of  condittoii  as  f above,  then 


(24) 


If  F(A  ) and  G(A.  J are  retpecUvelv  the  fraritfurms  of  f(H  and 
g(t),  and  F,  G are  analytic  for  Re  [A]  = - ^ , <^  > 0,  thee,  'f|pKS, 
o.-n-Ar>  i'r(^)Ge?K')d}.  =■ 

''  ' Jrt.ieo 


Here  are  two  examples  of  such  Integral  transforms. 

!<,  Let  ait)  = I,  bit)  »0,  Then  L^V*  Ly  “ and 

so  kit,  A ) » « Kit,  A ) ««  e This  Is  ?ha  case  yielding 

the  ccnventtona)  Laplace  transform. 


2.  Let  alt)  “ I + t,  bit)  **0,  Then  kit.  A)  * I)  + t) 
and  Kit,  A)  * II  + tl"'^.  This  yietds  a .mod  i f I ca  Mon  of  the 
Met! In  Transform*  Spec  1 f ! ca I I the  Image  of  a function  under 
this  tr sn sf orna t Ion  is  Identical  with  the  Image  under  the  Mellia 
Transformation  of  the  same  function,  but  translated  one  unit  to 
the  right  on  the  t axis. 


-I 


f 


The  first  example  Is  the  simplest,  but  most  Instructive*  It 
shows  hew  the  Laplace  Iransform  fits  into  tl.c  scheme.  The  second 
example  exhibits  a boMofldtt  varying  operator. 


Now  suppose  fit)  *3  33  required  In  the  theorem,  that  Is,  for 
some  finite  and  real  number  c, 

M-14 


< hi «« 


B«f 


sad 


J^l^atavT'oS.u  /A4  , 

I = <b4. 


by  kypothssls,  Hcncc^ 


iroH  4 £fa<<>V'e=»p(-ReD'A^l  *&OWf*’»\=i-t 

Ey  rcsscii  of  fhe  hypofttesls  os  fift,  ffic  fsttcr  tnfcgrat  Is 
vsrgenf  for  all  ^ for  which 


R«  l>i  I 


c■^6 

A 


I*  faci  If  Is  clear  fhaf  coQwergcace  Is  uni  fern:  for  a 


R«l>K  ^ 

Hcftcc«  f»  this  iialf  plaae^  f|A)  is  «n  anatytfc  funcfloa  of 
aad  has  qc  s iaguiar t f ics  fhcrc* 


ISSrtw 


mr I f «. 


(xiTtV* 


f(fa»F(>i=«-x- 


jbn-n 

X-¥oo 


I I-l 


C -t-fc 

A 


1271 


I2dl 

coa- 


A 


1291 


i 


^2  — '——'  AL—  iFf  jK  i t !l  e*^  • ^ CiT  fT*  § V 


f C'  r #11  ^ 


Svci»  fliat 


Re  A ^ 


C4-6 


w€  ni«y  l«f«rch«R|5€  crdere  o#  I n fegr  af  Ion , and 


where. 


<3 


- ('-»■»»■.  c*- \ K.f  i.M  ^ 

— v'~-*-^  \ - .»-  • 

«>j»  >4  ! J 


I3GI 


,-l^ 


\ ^ i -k  \L  A V J \ - — \ rt.  wv,  f C*  A~  bC«*>  j.»  \ j ^ „ 

j i\vt>-'/»vv.j^i  ky. ,-  a/'^'X  I'-'^r  V X a.t^  }<^A  - 

>•/  , 4 ^ x-T  ^ ^ 


= xi  (dL(T)  4'<^T.t  )^  e * 3 1 1 


<f‘C'^',5ir  \^acu)\  LUx  , 

for  every  fSeed  h,  bohh  ^ aed  ^ are  con h Inuows  f»/ncfloftS  of  s 5 
both  *f  a*d  vanish  when  "T  = f;  and  It  a shrSclSr  Increasing 
rtf  V for— oq<^7<  •*•  o»  . Th«s  <|>  has  a single  vatwed 
cooiiRvCus,  slrlctly  Increasing  Inverse, 


,-l 


Th«n*  for  each  fixed  f. 


••<•  = i*'  , % [o'l  ’ < 


jci) . (<i4-i.i <321 

By  the  R I eraaan— Lebesgue  fei’-isa,  we  cia  evaluate  3*-tl; 


^U(4;V])  * k<?;‘[o-iVr 


i33> 


! I - 16 


If  f oi levs  f ron  CiTttfi't  f orr!L  f a 


a)  k (tiA)  i j4) 

The  Formula  for  f^<  fra.^sfern  of  I*  follow*  by  induction  from  th 


Vi,  Generall2ec?  Courier  Transforms 


to  closing  we  oolnf  ouf  fhaf  integral  transforms  of  the 
fype  described  In  the  first  part  of  this  material  do  not  eshaosf 

all  avenues  leading  to  an  cper«iio»o*  cotculus*  V.e  refer  now  *-o 

6 7 

the  generalized  ?'v»'fer  transform  of  c.  A.  “oddiagton 
Coddfngton  ha*  shown  Jha?  If  I f»  .?r.  order  dl  *‘*«r  en  1 1 a I 

operator  dsflred  ee  a < # < b,  la^bt  bounded  or  not,  and  If  I It 
formally  seif  adjoint,  and  If  the  coefficients  of  L hive  cor.- 
tlnuous  derivative*  of  order  as  hig^  as  their  lesoectlvc  Indices 
Ih.en  the  following  Is  true:  There  evlsts  an  hcmitia's  matrX*  of 

f unctioas 

with  efemenfs  of  bounded  warfstlon  on  every  finite  ^ — Interval 

With  this  property,  if  is.it,  X )]  Is  a set  of  a j in ear i V tn- 

■ I 

dependei*  t sotutlons  of  Ly  = Av,  then  for  a square  surmable 
function  firl  It  will  be  true  that 


li 


2-,: 

h-J  c t 


. » O . . i 

\ t » i CA  » 


-V  « a-x 


‘A 


a) 


I3S1 


F or  f hermore,  the  Pars«v<i5  equaiify 


where 

a'®  O 

For  our  network  application*  we  may  tote  a *«  0 and  b » ^ 
Coddingion  • s i r afiirorn;.  In  effect  "*«?•  e*ch  function  f(t)  on  an 
ff-tople  of  function*  j ( A ).  Now  the  relation  between  the 
transform  of  voltage  [E|l Al]  and  the  transform  of  current  [ I | lA)  3 
cnuic  be  related  by. 


Zn')  liCh)  , i- 

for  any  two  terminal  network  of  elements  which  are  characterized 
by 

. 

Thus,  we  again  have  a simple  Impedance  function.  Using  the 
Parseval  equality  we  can  show  to  the  same  effect  es  before  that 
a necessary  and  sufficient  condition  that  Z(A)  be  the  Impedance 
function  of  a two  terminal  network  of  positive  elements  with 
p *«  1 , 0,  and  -I  only.  Is  that  Z(A  1 be  real  when  A Is  real  and 
Se  Z ■ 0 when  S?e  A » 0, 


VI  I s SoiTut  Unanswered  Questions 


We  conclude  this  report  with  a brief  mention  of  some  oof"" 
standing  questions  which  remain  for  future  study.  We  have  seen 


in  network  «naiv»is  and  lynihesls  can  b« 


how  a class  of  probSe.MS 
handled  5f  one  possesses  a functional  transformation  for  which  a 
form  of  Parseval’s  equality  holds,  and  also  w'tch  -{jcncrates  un 
operational  caiculu*.  If  the  restrictions  to  first  or  dor  differ  "• 
entiaS  operators  with  only  expenents  I,  0,  2nd  ~\  Is  dropped, 
many  new  possibilities  arise.  For  esample,  If  L = Vrff  and 
elements  of  type  2 are  allowed,  the  circuit. 


Is  not  passive  from  an  enerqy  point  of  view,  even  though  only 
positive  elemrn**  *•*»  Thus,  passivity  l«  nr>  longer 

synonymous  with  what  Is  usuaHy  termed  iitabliitv.  A question  Is 
therefore  raised:  How  can  one  differentiate  between  stability 

In  the  sense  of  bounded  response,  and  iostablllty  In  the  sense  of 
unbounded  response? 

An  examination  of  the  situation  shows  that  If  ZlA)  Is  the 
Impedance  function  of  a two  terminal  network  of  positive  elements, 
then  ZlA)  has  the  following  property:  Zj^)  Is  real  when  Is 

realj  and  further.  If  L Is  an  n order  differential  operator, 

and  If  elements  of  type  p,  -mj  - p - Wg  ^re  present  In  the  network, 
then  the  real  part  of  ZJ^)  is  positive  when  -InvvijTr/'Z.^.  = V\vy>^/^ 


whicf?  Is  shaded  3re&  below, 

A 


I 

I 
l 

F Igurc  2 

Aft  isleresHng  quesFJca  to  r->!se  !s  wfretNer,  !s  case 

whe*  m,  = svi  = • — I » ♦!*«  converse  ft  also  truwj  I.e.,  If  Z!  I 
• ^ 

ties  the  above  property  wnctKer  or  Rot  f^ere  exists  e oafwcrt  of 
positive  elerneets  of  type  p where  -‘«j  ^ p ^ whose  Impcdasce 
fvM«.fios  *5  Z I I , Another  qoestloa  requiring  an  answer  Is  to 
ascertain  those  condifiows  os  2 ? J which  Insure  stability  of  the 
cor  responding  networl. 

vm«  gevlew 

Briefly^  the  point  of  view  taken  In  this  report  Is  an 
follows:  If  one  has  a multlloon  network  of  linear  time-varying 

elcracaft^  asd  one  knows  the  response  of  a lyolcal  branch  to  an 
arbitra'v  excitation?  then  formally,  the  resoonsc  of  the  entire 
network  Is  expressablc  as  a linear  combination  of  such  typlcsf 
rcspossca  Icomparc  the  opcretloae!  calculus  generated  by  the 
Laplace  f ■’ ansf orm,  and  its  application  to  flxcc  parameter  net- 
works?, "..Ith  the  aid  of  certain  integral  ft  an  sformat  Ions , the 

^ 1 - , 


1 


'la f erml n « H Or  of  fhc  coeffic?«sfs  of  fh«  co~hlrt5f Tc* 

Ivhic?)  in*v  b«,  in  fhe  ! Tilting  ca»c  •«  Infegrall  ix  to 

fi»«  foria«Sl£sn  of  «“  operational  calculus*  Fro«  an  abstract  point 
of  rfeuff  fHIt  does  not  differ  from  the  application  of  tlt«  Laplace 
transform  to  the  study  of  fl*«d  parameler  natworkSe  W*  have 
auggetfed  ho*  much  of  what  might  be  called  classical  fired  paraiv~ 
eter  aetwork  theory  hts  I'wsedlate  erteosics  to  f i«ac“vary|og  net- 
works when  such  a formalism  Is  at  hand*  For  eKampSc*  an 
cSementary  probSe™  of  time-varying  network  synthesis  Is  presented 
which  follows  steps  similar  to  fixed  oarameter  netirork  synthesis. 

!n  add! tfon  to  providing  a discipline  for  the  analysis  and 
syRthcsIx  of  f !n^^— -arvisg  networks.  If  provides  a slnolc  plctwrc 
on  which  owe  can  build  a rcilablc  Intul^ios  regarding  cerlafn 
f l»e— virylfig  fietworks-.  Although  lnro*»D!et«  •«  sever  «s  respects, 
this  approach  prcoiiscs  a better  unders  f andlsg  of  a class  of 
problems  of  considerable  Interest. 
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